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RANDOM WALKS ON PRODUCTS OF TREES AND CERTAIN
TOTALLY DISCONNECTED, LOCALLY COMPACT GROUPS
JOHN J. HARRISON
Abstract. The Poisson boundary of a finite direct product of affine auto-
morphism groups of homogeneous trees is considered. The Poisson boundary
is shown to be a product of ends of trees with a hitting measure for spread-
out, aperiodic measures of finite first moment whose closed support generates
a subgroup which is not fully exceptional. The Poisson boundary of a semi-
direct product V
−−
⋊ 〈α〉 for any automorphism α and tidy compact open
subgroup V in a locally compact, totally disconnected group G is also shown
to be the space of ends of the tree with the hitting measure under similar
assumptions. Necessary and sufficient conditions for boundary triviality are
given in both cases. The method of proof is largely an extension of the prior
work of Cartwright, Kaimanovich and Woess on affine automorphism groups
of homogeneous trees.
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0. Introduction and preliminaries
Cartwright, Kaimanovich and Woess studied random walks on the affine auto-
morphism group of a homogeneous tree, which we denote by Aff T , in [3]. They
established a law of large numbers, a central limit theorem and described the Pois-
son boundary for measures which have finite first moment with respect to a gauge
function, | · |T and whose support generates a closed subgroup which are non-
exceptional.
In the preliminary section, we recall conventions, definitions and results from the
literature relating to totally disconnected, locally compact groups, random walks,
the Poisson boundary, gauges, gauge functions and the affine automorphism group
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of a homogeneous tree. Particular attention is given to the results of the Cartwright,
Kaimanovich and Woess paper.
We extend their work in two directions. In the first part, we consider closed
subgroups in a finite direct product of affine automorphism groups of homogeneous
trees, P =
∏k
i=1Aff Ti. We define partially exceptional and fully exceptional closed
subgroups of P , and explore the relationships between these properties, the mod-
ular function, transience of the random walk and the scale function. To ensure
transience, we restrict our analysis to random walks for probability measures on P
whose support generates a subgroup which is not fully exceptional.
When the probability measure on P is spread-out, aperiodic, and has finite first
moment with respect to a subadditive gauge function, |·|P , we show that the Poisson
boundary, (B, ν), is the direct product of the space ends of each tree with a hitting
measure. We give necessary and sufficient conditions for boundary triviality. We
conclude by showing that a transitive action of Γ on the ends is equivalent to Γ
being compactly generated simplifies the proof that (B, ν) is the Poisson boundary.
In the last part, we consider groups of the form V−−⋊〈α〉, where V is a subgroup,
tidy for an automorphism α, of a totally disconnected, locally compact group.
According to Baumgartner and Willis [1], these groups act naturally on an infinite
homogeneous tree with degree dependent on the scale of α. We describe the Poisson
boundary for random walks on these groups in the case where the probability
measure generates a non-extraordinary subgroup, is spread-out and has finite first
moment with respect to a gauge function closely related to | · |T .
1. Preliminaries
1.1. Totally disconnected, locally compact groups. Many definitions and re-
sults in this section are due to Willis [17, 18]. Let G be any totally disconnected,
locally compact (t.d.l.c) group and let α be a continuous automorphism of G. For
each compact open subgroup V of G, let
V+ =
⋂
k≥0
αk(V ) and V− =
⋂
k≥0
α−k(V ).
The subgroup V0 = V+ ∩ V− is always closed. If V = V+V−, then V is tidy above
with respect to α and if the subgroup
V++ =
⋃
k≥0
αk(V+)
is closed, then V is tidy below with respect to α. The subgroup
V−− =
⋃
k≥0
α−k(V−)
is closed if and only if V++ is closed. If V is both tidy above and tidy below, then it
is tidy for α. Tidy compact open subgroups for α can be constructed from arbitrary
compact open subgroups with a tidying procedure, as detailed in Willis [19]. The
scale of α is the positive integer
s(α) := min{[α(U) : U ∩ α(U)] | U is a compact open subgroup of G}.
Van Dantzig’s Theorem ensures the existence of at least one compact open subgroup
U . The scale is finite because [α(U) : U ∩ α(U)] is finite by the compactness of U .
Any compact open subgroup V satisfying s(α) = [α(V ) : V ∩ α(V )] is minimizing
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for α. It was shown, by Willis [20], that every compact open subgroup which is
tidy for α is minimizing for α. Hence, the scale of α is given by
s(α) = [α(V ) : V ∩ α(V )] = [α(V+) : V+],
where V is any compact open subgroup tidy for α.
Suppose that g is a group element in G. The scale of g is given by
s(g) = s(αg),
where αg is conjugation by g. The scale function s from G to the natural numbers
satisfies
∆(g) =
s(g)
s(g−1)
,
where ∆ is the modular function on Aut(G). A subset of group elements E is
uniscalar if the scale function is identically 1 on E. It follows that uniscalar groups
are unimodular.
1.2. Random walks and the Poisson boundary. Suppose that G is a second
countable locally compact group with identity e and that µ is a probability measure
on G. Any such pair (G,µ) is called a random walk.
The space of trajectories is the set GN with the product σ-algebra, where GN is
infinite Cartesian product of countably many copies of G. An element ω in GN is
a trajectory or path.
We denote by Pµ the pushforward of µN with respect to the map S on GN,
Pµ = µN ◦ S−1, given by
S(ω1, ω2, ω3, . . . , ωk, . . . ) = (ω1, ω1ω2, ω1ω2ω3, . . . , ω1 . . . ωk, . . . ).
The measure Pµ is called the path measure, and the pair (GN,Pµ) is the path space.
We identify the random walk (G,µ) with a discrete time-homogeneous Markov
chain {Ri}i∈N0 , called the right random walk, where each random variable Rn is
the projection from the path space,
Rn(ω) = ωn
The group G acts diagonally on elements of the path space. This action extends
to one on probability measures on GN, namely, if m is any probability measure on
GN, then
g ·m(E) = m(g−1E)
for each measurable set E and g in G.
There are many equivalent definitions of the Poisson boundary of a random walk.
See e.g. Erschler [5], Furstenberg [6, 7], or Kaimanovich and Vershik [14].
If X is a topological space, then the pair (X, ·) is a G-space if G acts on X and
the map (g, f) 7→ g · f from G×X to X is continuous with respect to the product
topology on G×X .
A measure ν on a G-space B is said to be µ-stationary if µ ∗ ν = ν. A G-space
B equipped with a µ-stationary measure ν is called a (G,µ)-space.
Let B be a second countable G-space and (B, ν) be a (G,µ)-space. Then, (B, ν)
is said to be a µ-boundary if there exists a random variable bnd from GN to B,
called the boundary map, such that Rn(ω) · ν converges in the weak* topology to a
point measure δbnd(ω) for P
µ-almost every ω in GN.
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A function f in L∞(G) is a bounded µ-harmonic function if it satisfies the
convolution identity f = f ∗ µ. The set of all bounded µ-harmonic functions with
pointwise addition, complex conjugation and the multiplication
lim
n→∞
((f · g) ∗ µ∗n) (x)
is a C∗ algebra, which we denote by H∞luc(G,µ). If B is a compact (G,µ)-space
with a µ-stationary measure ν, then
Pν(ϕ)(g) =
∫
B
ϕ(gb) dν(b).
is an element of H∞luc(G,µ). The map Pν is called the Poisson transform. A second
countable (G,µ)-space (B, ν) is a µ-boundary if and only if Poisson transformation
Pν is a ∗-homomorphism.
A continuous map γ from a G-space B to a G-space B′ is equivariant if γ(g ·b) =
g · γ(b) for all b in B and g in G. If (B, ν) and (B¯, ν¯) are µ-boundaries of the
random walk (G, ν) then (B¯, ν¯) is an equivariant image of (B, ν) if there exists an
equivariant map γ from B to B′, such that the pushforward measure γ∗ν is equal
to ν¯.
Given any random walk (G,µ), there is a µ-boundary (Πµ, ν), such that the
Poisson map Pν is an isometric *-isomorphism and every other µ-boundary (B, η)
is an equivariant image of (Πµ, ν).
A gauge is an increasing sequence A of measurable sets Aj which exhaust G. A
gauge function is a non-negative integer-valued function δ for which there exists a
non-negative constant K, such that
δ(gh) ≤ δ(g) + δ(h) +K
for all g and h in G. A gauge function is subadditive if
δ(gh) ≤ δ(g) + δ(h)
for all g and h in G. Let A = {A}∞i=1 be a gauge. Then, A is subadditive if the
gauge map
|γ|A = min {k ∈ N : γ ∈ Ak}
is a subadditive gauge function. If δ is a gauge function, then the sequence Aδ =
{Aδi }
∞
i=1 given by
Aδj = {g ∈ G : δ(g) ≤ j}
is a gauge. If δ is a subadditive gauge function, then Aδj is a subadditive gauge.
We say that the gauge A is C-temperate, or just temperate, if λG(Aj) ≤ e
Cj for
all natural numbers k and some positive real number C. A sequence of gauges
A(j) is uniformly temperate if there is a positive real number C, such that A(j) is
C-temperate for each natural number j. See Kaimanovich [10, 12] for more details
about gauges and gauge functions.
We make use of a formulation of Kaimanovich’s ray criterion for topological
groups, given in Cartwright, Kaimanovich andWoess [3] without proof. Kaimanovich
has indicated to the author in personal correspondence that the relevant preprint
has not yet been published.
Theorem 1.2.1 (Kaimanovich’s ray criterion for topological groups [3, 11]). Let
G be a second countable Hausdorff topological group. Let µ be an aperiodic, spread-
out probability measure on G with finite first moment with respect to a subadditive
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gauge A on G. Suppose that (B, ν) is a µ-boundary with boundary map bnd. If
for ν almost every point b in B there is a uniformly temperate sequence of gauges
Gn = Gn(b), such that
1
n
|ωn|Gn(bnd(ω)) → 0
for almost every path ω = (ω1, ω2, . . . ), then (B, ν) is the Poisson boundary of the
pair (G,µ).
Corollary 1.2.2. Let G, µ, B, ν and γ be as in Theorem 1.2.1. Suppose that G
is generated by a compact set K. Let d be the word length metric. If there exists a
sequence of measurable approximation maps Πm : B → G, such that
1
n
d(Πm(bnd(ω)), ω1ω2 . . . ωn)→ 0
for almost every path ω = (ω1, ω2, . . . ), then (B, ν) is the Poisson boundary of the
pair (G,µ).
1.3. The affine automorphism group of a homogeneous tree. Suppose that
d is a natural number greater than one. Let T be the homogeneous tree of valency d,
the unique connected graph with no cycles for which every vertex has d neighbours.
We suppose that d is at least 3, and use the term tree to mean a homogeneous tree
with some valency. Let o be a distinguished vertex of T .
A path in a tree is a sequence of successive neighbouring vertices without back-
tracking. Paths may be finite, singly infinite or doubly infinite. The length of a
finite path v = {vi}
k
i=j is denoted by |v| and equal to k−j. The length of an infinite
path is +∞. Let v and w be vertices of the tree T . The geodesic segment between
v and w is the unique finite path, vw, from v to w. The distance between v and
w, d(v, w) is the number of edges between the two vertices, |vw| − 1. The distance
from the distinguished vertex o to a vertex v in T is |v| = d(o, v).
A geodesic ray in a tree is a singly infinite sequence of successive neighbours
without backtracking. Two geodesic rays are equivalent if their intersection is
infinite. Each equivalence class of rays is an end. The set of ends of a tree T is
denoted by ∂T and the disjoint union of the tree with its ends by T ∪ ∂T . If ξ is
in T ∪ ∂T and v is in T , then there is a unique geodesic ray, vξ starting at v which
represents ξ. Let ω be a distinguished end of the tree T . The set of all ends except
ω is denoted by ∂∗T .
Let u and v be elements of T ∪ ∂T . Denote by u uprise v the last common element
on the geodesics ou and ow, unless u = v and they are both in ∂T , in which case
set uuprise v = u. Let
θ(u, v) =
{
q−|uuprisev| if u 6= v,
0 if u = v.
Lemma 1.3.1. The map θ is an ultrametric on T ∪ ∂T . With the topology from
θ, T ∪ ∂T is a totally disconnected, compact space. The set T is an open, dense
and discrete subset in T ∪ ∂T and ∂T is a closed, compact subset of T ∪ ∂T .
Proof. The ultrametric inequality follows from the identity
|uuprise v| ≥ min{|uuprise w|, |v uprise w|}
for all u, v and w in T ∪ ∂T . Every ultrametric space is totally disconnected.
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If u is a point in ∂T , then, for every natural number k,
Bq−k ∩ T = {v ∈ T, θ(u, v) ≤ q
−k}
= {v ∈ T, |uuprise v| ≥ k}
is always non-empty. Hence, T is dense in T ∪ ∂T .
Suppose that v = {vi}
∞
i=1 is a sequence in T ∪ ∂T . If the sequence {|vi|}
∞
i=1 is
bounded, then v visits only finitely many points, so it has a convergent subsequence.
If {|vi|}
∞
i=1 is unbounded, then there is an end w, such that for every natural number
k, the open ball of radius q−k around w, Uk = Bq−k(w), contains infinitely many
points from v. Choose a sequence of natural numbers {ni}
∞
i=1, such that vnk is in
Uk. Then, {vni}
∞
i=1 is a subsequence of v convergent to w. So T ∪∂T is sequentially
compact, hence compact.
Suppose that u is a point in T . Let k be any natural number greater than |u|.
Then,
Bq−k(u) = {v ∈ T ∪ ∂T : |uuprise v| ≥ k} ∪ {u}.
Suppose that v is an element of T ∪ ∂T distinct from u. If |u uprise v| = 0, then v is
not in Bq−k(u). If |uuprise v| 6= 0, then there exists an end w in ∂T , such that u is in
ow and either uuprise v = uuprise w = u or uuprise v = v uprise w. In the first case,
k > |uuprise v| = |u|
and in the second case,
k > |uuprise w| = |uuprise v|.
So {v ∈ T ∪∂T : |uuprisev| ≥ k} is empty and Bq−k(u) is just the singleton containing u.
Since u was an arbitrary vertex, T is discrete and open. Since ∂T is the compliment
of an open set, it is a closed, compact subset of T ∪ ∂T . 
An automorphism ϕ of the tree T is a permutation of the vertex set of T , such
that
d(ϕ(v), ϕ(w)) = d(v, w)
for all vertices v and w in T . The set of all automorphisms of T forms a group
under function composition, called the automorphism group of T and denoted by
Aut T .
Tits [16] showed that every automorphism of a tree is either elliptic, fixing a
vertex or inverting an edge, or hyperbolic, acting as a translation along a doubly
infinite path. Every automorphism of T extends naturally to a homeomorphism of
T ∪ ∂T .
The automorphism group of T is a totally disconnected, locally compact group
with the compact-open topology. The open neighbourhoods of this topology are
unions of sets of the form
U(α,F) = {β ∈ Aut T : αv = βv for all v in F} ,
where F is any finite set of vertices and α is any automorphism of T . The compact
open topology is also known as the topology of pointwise convergence, because a
sequence of automorphisms αn converges to α if and only if for every finite set of
vertices F , αn(v) and α(v) eventually agree for all v in F . As the degree of each
vertex in T is finite, the stabilizer of a vertex v in T ,
stabAutT (v) = {β ∈ Aut T , βv = v}
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is a profinite group because it is isomorphic to an iterated wreath product of finite
groups. All profinite groups are compact. If F is any finite set of vertices and α is
an automorphism, then
U(α,F) =
⋂
v∈F
stabAutT (αv),
so each set U(α,F) is compact. It follows that Aut T is locally compact. It is to-
tally disconnected because there are arbitrarily small compact, open, hence closed,
neighbourhoods of every point. The topology is Hausdorff, because if α and β are
distinct automorphisms in Aut T , then there is a vertex v, such that αv 6= βv, so
U(α, {v}) and U(β, {v}) are neighbourhoods of α and β respectively, but
U(α, {v}) ∩ U(β, {v}) = ∅.
Let v = {vi}
∞
i=1 be a breadth-first sequence containing every vertex in T , i.e. such
that |vi| ≤ |vj | whenever i is less than j. Let Pk be the power set of the first k
vertices in v. Then, there is a natural number k, such that the set
Uk = {U(α,F) : α ∈ Aut T ,F ∈ Pk}
contains U(α,F) for any α in Aut T and finite set of vertices F . It follows that
Aut T is σ-compact and second countable. Let λAutT be the right Haar measure
on Aut T , normalised so that vertex stabilizers have measure 1. Since Aut T is not
compact, λAutT is an infinite measure.
Suppose that ω is a distinguished end of T . Let the Busemann function, h be
the map from the vertices of T to the natural numbers given by
h(v) = d(v, c)− d(o, c),
for each vertex v, where c is the first common vertex on the geodesic rays xω and
oω. The horocyclic map φ from Aut T to Z given by
φ(α) = h(αo) = h(αv) − h(v)
for any vertex v in T , is a well defined homomorphism, because automorphisms of
T are distance preserving under d, hence
h(u)− h(v) = h(αu)− h(αv)
for all automorphisms α in Aut T and vertices u and v in T . The horocyclic group,
denoted by HorT , is the kernel of φ; the closed subgroup of Aut T which preserves
each set of horocycles,
Hm = {v ∈ T : h(v) = m}.
An element of HorT is a horocyclic automorphism. Every horocyclic automorphism
α fixes the common ancestor of v and αv for every vertex v in T .
The affine group of the homogeneous tree T is the closed subgroup of all auto-
morphisms of T that fix the distinguished end ω, with the subspace topology, and
is denoted by Aff T . The subspace topology on Aff T is second countable, locally
compact, totally disconnected and Aff T is σ-compact.
The affine group of T is an internal semi-direct product, isomorphic to Z⋉Hor T .
To see this, fix an element σ in Aff T , such that σ(o) is a child of o and φ(σ) = 1.
The intersection of 〈σ〉 ∼= Z and HorT contains only the identity, and every element
γ in Aff T can be written as
γ =
(
γσ−φ(γ)
)
σφ(γ)
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where γσ−φ(γ) is in HorT and σφ(γ) is in 〈σ〉 ∼= Z.
Given an element γ in Aff T , let |γ|T = |γo|. The map | · |T is a subadditive
gauge function, because
|αβ|T = d(o, αβo)
≤ d(o, αo) + d(αo, αβo)
= d(o, αo) + d(o, βo)
= |α|T + |β|T
for all automorphisms α and β in Aff T . The relation
|γ|T = d(o, γo) = d(γ
−1o, o) = |γ−1|T
is also satisfied for all γ in Aff T . Other properties of this gauge function are given
in Lemma 4 of Cartwright, Kaimanovich and Woess [3].
Lemma 1.3.2. Let v be a vertex in Aff T , Then
|v| = d(o, v) ≥ |h(v)|.
Proof. Let c is the first common vertex on the geodesic rays vω and oω, so that
h(v) = d(x, c) − d(o, c).
If v is in oω, then c = v, so h(x) = −d(o, x). If v is a child of o, then c = o, so
h(x, o). Suppose that v is neither in oω nor a child of o, then
d(o, x) = d(o, c) + d(x, c).
If d(o, c) > d(x, c), then d(o, x) > d(o, c) − d(x, c) = |h(x)|. Similarly, if d(x, c) >
d(o, c), then d(o, x) > d(x, c) − d(o, c) = |h(x)|. 
If µ is a probability measure on Aff T with finite first moment with respect to
| · |T , then pushforward measure, φ∗µ, has finite first moment with respect to the
ordinary absolute value on the integers as
m1 (φ∗µ) =
∫
Z
|z| dφ∗µ(z)
=
∫
Aff T
|φ(γ)| dµ(γ)
=
∫
Aff T
|h(γo)| dµ(γ)
≤
∫
Aff T
|γo| dµ(γ)
=
∫
Aff T
|γ|T dµ(γ).
A sequence of vertices {vi}
∞
i=1 in T is regular if there is an end ξ in ∂T and a
non-negative real number a, called the rate of escape, such that
a = lim
n→∞
1
n
d(vn, ξ⌊an⌋)
where vn is the nth vertex on the geodesic oξ and ⌊·⌋ is the floor function. Notice
that if a is non-zero, then vn converges to ξ, so ξ is unique.
Lemma 1.3.3 (Cartwright, Kaimanovich and Woess [3], Lemma 3). A sequence
of vertices {vi}
∞
i=1 in T is regular with rate of escape a if and only if
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(i) limn→∞
1
n
d(vn, vn+1), and
(ii) limn→∞
1
n
|vn| = a.
Proposition 1.3.4 (Cartwright, Kaimanovich and Woess [3], Proposition 1). A
sequence of vertices v = {vi}
∞
i=1 in T is regular if and only if
(i) limn→∞
1
n
d(vn, vn+1), and
(ii) the limit ah = limn→∞
1
n
h(vn) exists.
In this case the rate of escape of v is |ah|.
Following Cartwright, Kaimanovich and Woess [3], we call a closed subgroup of
Aff T with distinguished end ω exceptional if it is contained within Hor T or there
is an end, apart from ω, which is fixed by every element.
Proposition 1.3.5. Let Γ be an exceptional closed subgroup in Aff T with distin-
guished end ω. Then, Γ is uniscalar.
Proof. Suppose that Γ is contained within Hor T . Let γ be in Γ. Let α be conju-
gation by γ Then, α fixes the element o ∧ γo. Let
U = stabΓ(o ∧ γo).
Then, U is compact and open and α(U) = U , so
s(γ) = [α(U) : U ∩ α(U)] = 1.
Suppose instead Γ fixes an element ξ in ∂∗T . Then γ acts as a translation along
the doubly infinite path ξω. Let v be a vertex in ξω and let
V = stabΓ(v).
Then V is compact and open, and since ξω is fixed by γ,
α(V ) = stabΓ(γ · v) = stabΓ(v) = V.
Hence,
s(α) = [α(V ) : V ∩ α(V )] = 1
in this case too. It follows that Γ is uniscalar. 
Theorem 1.3.6. Suppose that Γ is an closed subgroup in Aff T . Then Γ is uni-
modular if and only if it is exceptional.
Proof. By Proposition 1.3.5, if Γ is exceptional, then it is uniscalar, hence uni-
modular. The remainder of the argument is the same as the one in Cartwright,
Kaimanovich and Woess [3]. Suppose that Γ is non-exceptional. Then Γ \HorT is
non-empty. It follows that the horocyclic map φ is non-trivial and that φ(Γ) = rZ,
where
r = min
{
φ(γj) > 0 : {γ}
k
i=1 ∈ Γ
}
.
Let γ be an element of Γ, such that φ(γ) = r. It acts by translation on a doubly
infinite path ξω, where ξ is the unique fixed point of γ in ∂∗T . Since Γ is non-
exceptional, Γ does not fix ξ, hence, there is an element α in Γ, such that αξ 6= ξ.
Now, φ(α) = lr for some integer l. Let β = γ−1α, and let ζ = βξ. Then,
φ(β) = 0, and ζ is in ∂∗T \ {ξ}. Let ξ ∧ ζ be the least common ancestor of ξ and ζ
in Tk . Then, γ · ξ and (β ◦ γ) · x are distinct elements, and β fixes x. Lemma 5 in
Woess [21] gives that
∆(x) =
| stabΓ(γx) · x|
| stabΓ(x) · (γx)|
.
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Therefore, Γ is not unimodular, because stabΓ(x) · (γx) contains γx and βγx and
stabΓ(γx) · x contains only x, since ωk is fixed by Γ. 
Corollary 1.3.7 (Cartwright, Kaimanovich and Woess [3]). Suppose that µ is a
probability measure on Aff T . Suppose that the closed group generated by the support
of µ is non-exceptional. Then (Aff T , µ) is a transient random walk.
Proof. Since the closed group generated by the support of µ is non-exceptional it
is not unimodular. Non-unimodularity implies transience of the random walk. See
Guivarc’h, Keane and Roynette [8]. 
Theorem 1.3.8 (Cartwright, Kaimanovich and Woess [3], Theorem 4). Suppose
that µ is a probability measure on Aff T . Let Rn be the right random walk associated
with (Aff T , µ). Suppose µ has finite first moment with respect to | · |T . Then,
lim
n→∞
d (Rno,Rn+1o) = 0
almost surely, and
lim
n→∞
1
n
|Rn|T = |m1 (φ∗µ)|
almost surely and in L1.
Proof. The existence of the limit is the same argument as Woess [22] Theorem 8.14.
If n and m are natural numbers and n is greater than m, then
|Rn(ω)|K = d(e,Rn+m(ω)) ≤ d(e,Rm(ω)) + d(Rm(ω)e,Rn+m(ω))
≤ d(e,Rm(ω)) + d(e,Xm(ω) · . . . ·Xn+m(ω))
= d(e,Rm(ω)) + d(e,Rn(T
mω))
for µN-almost all ω in GN, where T is the measure preserving left shift map. It
follows that, if µ has finite first moment with respect to | · |T , then the limit, RK ,
exists and is well defined by applying the Kingman Subadditive Ergodic Theorem
in the form given by e.g. Steele [15]. It follows that the limit limn→∞
1
n
h(Rno) =
m1 (φ∗µ) exists.
By the Monotone Convergence Theorem,
0 = lim
n→∞
1
n
∫
Aff T
|x| dµ(x)
= lim
n→∞
∫
Aff T
1
n
|x| dµ(x)
= lim
n→∞
∫
Aff T
1
n
|Xn+1(ω)| dP
µ(ω)
= lim
n→∞
∫
Aff T
1
n
d (Rn(ω)o,Rn+1(ω)o) dP
µ(ω).
Since d is always non-negative, limn→∞ d (Rn(ω)o,Rn+1(ω)o) is zero almost surely.
Therefore, Rno is regular by Proposition 1.3.4 and |Rn| converges to |m1 (φ∗µ) | by
Lemma 1.3.3. 
Theorem 1.3.9 (Cartwright, Kaimanovich and Woess [3], Theorem 2). Let µ be
a probability measure on Aff T . Suppose that the closed group generated by the
support of µ is non-exceptional. Let φ be the horocyclic map from Aff T to the
integers. Let {Ri}i∈N be the right random walk associated with (Aff T , µ) Let o be
a distinguished vertex of T , and let ω be the fixed end.
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(i) If m1(φ∗µ) is finite and the mean of φ∗µ is negative, then Rno converges
almost surely to ω.
(ii) If m1(µ), with respect to | · |T , is finite and the mean of φ∗µ is positive, then
Rno converges to a random end in ∂
∗T almost surely.
(iii) If m1(µ), with respect to | · |T , is finite and the mean of φ∗µ is zero, and
E
(∣∣o ∧R−11 o∣∣ q|o∧R1o|)
is finite then Rno converges to ω almost surely.
2. Products of affine automorphism groups of homogeneous trees
Let P =
∏k
i=1Aff Ti be a finite direct product of affine automorphism groups of
trees with the product topology. For each affine group Aff Tj , let ωj be the fixed
end, let oj be the distinguished vertex and let dj be the vertex degree. Let φj be the
horocyclic map from Aff Tj to Z. Let ω = {ωi}
k
i=1, o = {oi}
k
i=1 and φ =
∏k
i=1 φi.
Let pij be the projection map from P to Aff Tj . Given an element α in P , write αj
to mean pij(α). Similarly, if v is in
∏k
i=1 Ti, we write vj to mean the projection of
v to Tj .
Notice that P is σ-compact because it is a product of σ-compact spaces, and that
the topology is second countable, locally compact and totally disconnected. The
action of each factor Aff Tj on ∂Tj ∪ Tj extends to an action of P on the Cartesian
product
∏k
i=1 (∂Ti ∪ Ti). Denote by λP the right Haar measure on P normalised
so that compact open subgroups of the form
stabP (v) = {β ∈ P, βivi = vi ∀0 < i ≤ k},
have measure 1, where v = {vi}
k
i=1, and vj is in Tj for each natural number j. Since
P is not compact, λP is an infinite measure.
2.1. Partially exceptional and fully exceptional subgroups. Suppose that Γ
is a closed subgroup in P . If pij(Γ) is a exceptional subgroup of pij(P ) for every
natural number j less than or equal to k, then we say that Γ is fully exceptional. If
there is at least one natural number j, such that pij(Γ) is a exceptional subgroup
of pij(P ), then we say that Γ is partially exceptional. Obviously, if Γ is fully excep-
tional then it is partially exceptional. A partially exceptional subgroup need not
be uniscalar nor unimodular.
Proposition 2.1.1. Let Γ be an closed subgroup in finite product of affine auto-
morphism groups of trees, P =
∏k
i=1Aff Ti. Then, Γ is fully exceptional if and only
if it is uniscalar.
Proof. Suppose that Γ is fully exceptional. Let γ be an automorphism of Γ. Let H
be the set of natural numbers i, such that pii(Γ) is contained in HorTi. Let H
′ be
the set of natural numbers i not in H , which are less than or equal to k. Then, γi
fixes the element vi := oi ∧ γioi in Ti for all i in H . For each i in H , let νi in ∂
∗Ti
be the element fixed by pii(Γ) and let vi be a vertex in νiωi. Then, vi is translated
by the action of γi for each i in H
′. Let
V = stabΓ (v) ,
where v := {vi}
k
i=1 is in
∏k
i=1 Ti.
12 JOHN J. HARRISON
Obviously, V is compact and open. For each i in H ′, let g be the element in
P , such that γi(x) = gixg
−1
i for every x in Aff Ti. For each i in H , let gi be the
identity element in Aff Ti. Then, since γi fixes νiωi for each i in H
′,
γ(V ) = stabΓ(g · v) = stabΓ(v) = V,
where g acts pointwise on v. It follows that
s(γ) = [α(V ) : V ∩ α(V )] = 1.
Since γ was an arbitrary automorphism, Γ is uniscalar.
Suppose instead that Γ is not fully exceptional. We will construct a compact
open subgroup U which is tidy for an automorphism α of P with scale greater than
one. Let E be the set of natural numbers i less than or equal to k for which pii(Γ)
is non-exceptional. Then E is non-empty. Let E′ be the set of natural numbers i
less than or equal to k not in E, so that pii(Γ) is exceptional. As before, H be the
set of natural numbers i, such that pii(Γ) is contained in HorTi and let H
′ be the
set of natural numbers i in E′ and not in H .
Let j be a particular element of E. Then, pij(Γ) is non-exceptional, φj(Γ) is a
non-trivial homomorphism, and φj(Γ) = rjZ, where
rj = min
{
φj(γj) > 0 : {γi}
k
i=1 ∈ Γ
}
.
Choose γ in Γ, such that φj(γ) = −rj . Then γ acts by translation on Ti. Let vj be
a vertex in Tj on the axis of translation of γj . For the natural numbers i in E \{j},
γi, choose vi to be the vertex in Ti if γi is elliptic, and choose vi to be a vertex in Ti
on the axis of translation if γi is hyperbolic. For each i in E
′, let vi := oi ∧ γioi in
Ti, which is fixed by the action of γ. If i is in E. For each i in E, let vi be a vertex
on the axis fixed by φi(Γ). Let α be conjugation by γ, and let U be the compact
open subgroup given by
U = stabΓ (v) ,
where v := {vi}
k
i=1. Then,
U ∩ α(U) = stabP {xi}
k
i=1,
where
xr =


vr if r ∈ E,
vr if r ∈ E
′ and φr(γ) ≥ 0,
γrvr otherwise
for each natural number r less than or equal to k. Hence,
[α(U) : U ∩ α(U)] ≥ dj
by choice of γ. Since ωi is fixed by φi(Γ) for each natural number i less than or
equal to k, U = U+U−, and U is tidy above. It is tidy below because U++ is a
union of open sets. Hence, Γ is not uniscalar. 
Proposition 2.1.2. Suppose that µ is a probability measure on the finite product
of affine automorphism groups of trees, P =
∏k
i=1Aff Ti. Suppose that the closed
group generated by the support of µ, grµ, is not fully exceptional. Then, (P, µ) is
transient, i.e. the right random walk associated with (P, µ) eventually leaves every
compact set E almost surely.
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Proof. Since grµ is not fully exceptional, there is a natural number, j, such that
pij(grµ) is a non-exceptional subgroup of Aff Tj . Let E be a compact set in grµ.
Then pij(E) is compact because pij is continuous and Γ is Hausdorff. Corollary
1.3.7 implies that the projected random walk (Aff Tj , (pij)∗µ) is transient., i.e. the
right random walk corresponding to (Aff Tj , pij∗µ) leaves pij(E) almost surely after
finitely many steps. It follows that the right random walk associated with (P, µ)
eventually leaves E almost surely. 
Lemma 2.1.3. A closed subgroup Γ in P can be unimodular but not uniscalar.
Proof. We demonstrate how to construct an example for the case that k = 2 and
both trees have the same degree d. The same construction type of construction can
be used if k is larger and/or the trees don’t have the same vertex degree.
Let ν1 be an element of ∂
∗T2 and let ν2 be an element of ∂
∗T2. Let σ1 be
the element in Aff T1 which acts as a translation along ν1ω1 away from ω1 with
φ1(σ1) = 1. Similarly, σ2 be the element in Aff T2 which acts as a translation along
ν2ω2 with φ2(σ2) = −1 towards ω1. Let
Γ =
〈
(σ1, σ
−1
2 )
〉
Lemma 5 in Woess [21] gives that
∆P (σ1, σ2) =
| stabG(o1, o2) · (σ1o1, σ2o2)|
| stabG(σ1o1, σ2o2) · (o1, o2)|
= 1.
As ∆P is a homomorphism, it follows that Γ is a unimodular subgroup. To see
that Γ is not uniscalar, let α = (α1, α2) be conjugation by (σ1, σ
−1
2 ). Let O be
the stabilizer in P of a pair of vertices (o1, o2). Then α(O) = stabP (σ1o1, σ
−1
2 o2).
Since ω1 and ω2 are both fixed,
O ∩ α(O) = stabP (σ1o1, o2)
Hence,
[α(O) : O ∩ α(O)] = d,
which by assumption on d is greater than one. We need to check that O is tidy
above and tidy below. Since (ω1, ω2) is fixed, O = O+O− and O is tidy above. It
is tidy below because the subgroup
O++ =
∞⋃
k=0
stabP (σ
k
1o1, σ
k
1o2)
is a union of open sets, which is therefore closed. It follows that α has scale d, and
Γ is not uniscalar. 
2.2. Random walks and gauges. Suppose that µ is an aperiodic, spread-out
probability measure on P that has finite first moment with respect to | · |P . Suppose
that the closed semigroup generated by the support of µ is a closed subgroup Γ of
P which is not fully exceptional. Let {Ri}
∞
i=1 be the right random walk associated
with (P, µ). For each natural number j less than or equal to k, let µj be the
pushforward measure
µj(E) = φj∗µ.
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For each element ϕ in P , let
|ϕ|P =
k∑
i=1
d(oi, ϕioi) =
k∑
i=1
|ϕi|T i.
The map | · |P is a subadditive gauge function, where the sequence
AP =
{{
γ ∈ Γ :
k∑
i=1
d(oi, γioi) ≤ j
}}∞
j=1
.
is the corresponding subadditive gauge.
Lemma 2.2.1. Suppose that µ a probability measure on P . Let j be any natural
number less than or equal to k. If µ has finite first moment with respect to | · |P ,
then pij∗µ has finite first moment with respect to |·|Tj and µj has finite first moment
with respect to the ordinary absolute value on the integers.
Proof. If m1(µ) is finite, then m1(pij∗µ) is finite, since
m1(µ) =
∫
Γ
|x|P dµ(x)
=
∫
Γ
k∑
i=1
|xi|Ti dµ(x)
=
k∑
i=1
∫
Γ
|x|Ti dpii∗µ(x)
=
k∑
i=1
m1(pii∗µ)
≥ m1(pij∗µ).
The argument m1(µj) is finite whenever m1(µ) is finite is trivial. 
Corollary 2.2.2. Suppose that µ is a probability measure on P . Let {Ri}i∈N be the
right random walk associated with (P, µ). Suppose that µ has finite first moment
with respect to | · |P , and that j is a natural number less than or equal to n.
(i) If m1(µj) is negative, then {pij(Ri)oj}
∞
i=1 converges almost surely to ω.
(ii) If m1(µj) is positive, then {pij(Ri)oj}
∞
i=1 converges to a random end in ∂
∗Tj.
Proof. This is a special case of Theorem 1.3.9. 
Let B =
∏k
i=1 ∂Ti with the product topology, where each factor ∂Tj has the
subspace topology from the ultrametric on Tˆj . Then, B is compact, because each
factor ∂Tj is closed in the compact set Tˆj . Let P act on B with the continuous
action satisfying
pij(g · b) = pij(g) · pij(b)
for each g in P , b in B and natural number j less than or equal to k, where pij(g)
in Aff Tj acts on pij(b) in ∂Tj by taking the restriction to ∂Tj of the extension of
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pij(g) to a the compatible homeomorphism of Tˆj = Tj ∪ ∂Tj . Let R∞ be a map
from the path space ΓN to B satisfying
pij(R∞(γ)) =
{
ωj if m1(µj) ≥ 0,
limn→∞ pij(Rn(γ))oj if m1(µj) < 0.
for almost all paths γ. The limit exists almost everywhere by Corollary 2.2.2. Let
ν = (R∞)∗P
µ be the hitting measure on B. Then ν is µ-stationary, because∫
P
∫
B
f(xb) dν(b) dµ(x) =
∫
P
∫
PN
f(xR∞(γ)) dP
µ(γ) dµ(x)
=
∫
PN
f(R∞(Tγ)) dP
µ(γ)
=
∫
PN
f(R∞(γ)) dP
µ(γ)
=
∫
B
f(b) dν(b),
where T is the left shift map and f is any function in C(B). Notice that R∞ is
shift invariant in the sense used by Kaimanovich in [12] or Brofferio and Schapira
[2] Proposition 2.1. It follows that (B, ν) is a µ–boundary of (P, µ).
Proposition 2.2.3. Suppose that µ is an aperiodic, spread-out probability measure
on P that has finite first moment with respect to | · |P . Suppose that the closed
semigroup generated by the support of µ is a closed subgroup Γ of P which is not
fully exceptional. Let u be an element of B and let n be a natural number. Let
A(n)(u) =
{{
γ ∈ Γ :
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γioi
)
≤ j
}}∞
j=1
.
Then, {A(r)(u)}∞r=1 is a uniformly temperate sequence of gauges on Γ, and
|ϕ|A(n)(u) =
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γioi
)
is the corresponding gauge function on P.
Proof. Each gauge is well defined because the finite first moment condition and
Lemma 2.2.1 ensures that m1(µi) is always finite. If γ is an element of Γ, then the
distance from γioi to any vertex is finite. It follows that
Γ =
∞⋃
j=1
{
γ ∈ Γ :
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γioi
)
≤ j
}
.
Let γ and φ be elements of Γ. The gauge map corresponding to A(n)(u) is
|γ|A(n)(u) = min {j ∈ N : γ ∈ Aj}
=
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γioi
)
.
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Let K be the non-negative constant given by
K = |e|A(n) =
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , oi
)
where e is the identity element in Γ. By repeated use of the triangle inequality,
|γφ|A(n) =
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γiφioi
)
≤
k∑
i=1
d (oi, γiφioi) +K
=
k∑
i=1
d
(
γ−1i oi, φioi
)
+K
≤
k∑
i=1
d
(
γ−1i oi, oi
)
+
k∑
i=1
d (oi, φioi) +K
=
k∑
i=1
d (oi, γioi) +
k∑
i=1
d (oi, φioi) +K
= |γ|A(n) + |φ|A(n) +K.
So | · |A(n) is a gauge function. For each natural number j, let
Mj = λΓ
({
γ ∈ Γ :
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γioi
)
≤ j
})
.
where λΓ is a right Haar measure on Γ, normalised so the compact open stabilizer
of an element in
∏k
i=1 Ti has measure 1. From the definition, there is a real constant
C, such that
Mj ≤ C
(
k
max
i=1
{di}
)j
where di is the degree of Ti. Hence, the sequence{A
(r)(u)}∞r=1 is uniformly temper-
ate. 
Proposition 2.2.4. Suppose that µ is an aperiodic, spread-out probability measure
on P that has finite first moment with respect to | · |P . Suppose that Γ = sgrµ is
a closed subgroup of P which is not fully exceptional. Let (B, ν) be the Poisson
boundary. If there is a natural number j less than or equal to k, such that
m1(µj) > 0,
then ν is a continuous measure supported on an uncountable set.
Proof. We adapt the arguments of Proposition 2 and Theorem 3 in Cartwright,
Kaimanovich and Woess [3] to the product of trees case.
Let ∂Γ be the set of accumulation points of an orbit Γv in B for some v in∏k
i=1 Ti. Since Γ is a subgroup, this orbit is not dependent on the particular choice
of v. Choose any natural number j, such that m1(µj) > 0. Let ∂jΓ be the set of
accumulation points of an orbit pij(Γ)vj in pij(B). Since pij(Γ) is non-exceptional,
there exists an element α in Γ, such that
φj(α) = min{φj(γ) ≥ 0 : γ ∈ Γ}.
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Then αj is hyperbolic, and so α acts on Tj by translation along a doubly infinite
sequence ujωj , where u is an element of B distinct from ω. Since pij(Γ) is non-
exceptional, there is a β in Γ, such that βjuj is an end in ∂Tj distinct from uj.
Let ξ = βαβ−1. Choose any sequence of natural numbers k = {ki}
∞
i=1. For each
natural number j, let
x
(k)
j =
j∏
i=1
αkiξki .
Choose v to be the common ancestor of uj and βjuj in Tj . The sequence x
(k)
i oj is
convergent to an end for each choice of k, because it is Cauchy with respect to the
ultrametric θ, and (x
(k)
i uprise x
(k)
i+1)v tends to ∞ as i does. Furthermore, each distinct
choice of k results in convergence to a distinct end in ∂Tj, because the sequences are
eventually contained in disjoint open balls. We conclude ∂jΓ is uncountable. Since
B is a closed subset of a product of compact second countable spaces, there is a
subsequence {x
(k)
ni }
∞
i=1, such that {x
(k)
ni or}
∞
i=1 is convergent for all natural numbers
r less than or equal to k. Hence, ∂Γ is uncountable too.
Suppose that α = {α(i)}∞i=1 is a sequence in pij(Γ), such that α
(i)oj converges to
an element v in ∂Tj \ {ωj}. Let
β(i) =
(
α(i)
)−1
.
Then β(i)oj converges to ωj and ωj is in ∂jΓ. Taking ϕr = β
(r), ξ = ωj and
η = v, Lemma 2.2 in Cartwright and Soardi [4] gives that β
(i)
j u converges to ωj for
every u in ∂Tj \ {ω, v}. Hence, ωj is an accumulation point of pij(Γ)u for every u
in ∂Tj \ {ωj}. Using Lemma 2.2 in Cartwright and Soardi again with ϕr = α
(r),
ξ = v and η = ωj gives that β
(i)
j u converges to v for every u in ∂Tj \ {ωj}. Given
some u in ∂Tj \ {ωj}, choose η in Γ, such that ηju and u are distinct ends. Either
{α(i)u}∞i=1 or {α
(i)ηu}∞i=1 has a subsequence of elements distinct from v. Hence, v
is a limit point of Γu \ {v}. Thus, for each u in B, such that uj is not equal to ωj
the orbit pij(Γ)uj is dense in ∂jΓ.
Since m1(µj) > 0, ν(pi
−1({ωj})) is zero, because pij(R∞) is in ∂
∗Tj \ {ω} almost
surely by Theorem 1.3.9. Let M = max {ν({u}) : u ∈ B} . Suppose that M is
positive. Then the set
S = {u ∈ B : {ν({u}) =M}
is non-empty and finite, because ν is a probability measure. Since ν is µ-stationary,
γS = S for all γ in suppµ. But then ΓS = S. So pij(Γ)pij(S) = pij(S), which is a
contradiction, because pij(Γ)pij(S) is dense in ∂jΓ.

Theorem 2.2.5. Suppose that µ is an aperiodic, spread-out probability measure
on P that has finite first moment with respect to | · |P . Suppose that Γ = sgrµ is
a closed subgroup of P which is not fully exceptional. Then, (B, ν) is the Poisson
boundary of (P, µ).
Proof. Suppose that j is a natural number less than or equal to k. Let u be in B,
let n be a natural number and let A(n)(u) be the gauge from Proposition 2.2.3,
A(n)(u) =
{{
γ ∈ Γ :
k∑
i=1
d
(
(oiui)⌊nm1(µi)⌋ , γioi
)
≤ r
}}∞
r=1
.
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Theorem 1.3.8 gives that
lim
n→∞
d (pij(Rn)oj , pij(Rn+1)oj) = 0
almost surely, and
lim
n→∞
1
n
|pij(Rn)| = |m1 (φ∗µ)|
almost surely and in L1. In particular, pij(Rn)oj is almost surely a regular sequence
of vertices in Tj , with rate of escape |m1 (µj) |. Thus, for almost every path ψ in
the random walk, there is an end uj(ψ) in ∂Tj , such that
lim
n→∞
d
(
pij(Rn(ψ))oj , (ojuj(ψ))⌊m1(µj)n⌋
)
= |m1 (µj) |.
If |m1 (µj) | 6= 0, then pij(Rn)oj → uj(ψ), so uj(ψ) is unique. By Theorem 1.3.9,
uj(ψ) = ωj if m1 (µj) < 0 and uj(ψ) in ∂
∗Tp if m1 (µj) > 0. If |m1 (µj) | = 0, then
uj(ψ) is arbitrary and the statement is just that
lim
n→∞
d (pij(Rn(ψ))oj , oj) = 0.
Hence, for almost all paths γ,
lim
n→∞
1
n
|Rn(γ)|A(n)(R∞(γ)) = limn→∞
1
n
k∑
i=1
d
(
pii(Rn(γ))oi,
((
oi (R∞(γ))i
)
⌊m1(µi)n⌋
))
= lim
n→∞
1
n
k∑
i=1
|m1 (µi) |
= 0.
By assumption, µ has finite first moment with respect to the subadditive gauge
AP . Hence, by Kaimanovich’s ray criterion for topological groups, Theorem 1.2.1,
(B, ν) is the Poisson boundary. 
Corollary 2.2.6. Suppose that µ is an aperiodic, spread-out probability measure
on P that has finite first moment with respect to | · |P . Suppose that Γ = sgrµ is a
closed subgroup of P which is not fully exceptional. The Poisson boundary of (P, µ)
is trivial if and only if
m1(µj) ≤ 0
for all natural numbers j less than or equal to k.
Proof. If m1(µj) ≤ 0 for all natural numbers j less than or equal to k, then it
follows from the definition that the boundary is a single point. If there is a natural
number j, such that m1(µj) > 0, then Proposition 2.2.4 implies that ν is not a
point measure. 
Proposition 2.2.7. Let Γ be an closed subgroup in finite direct product of affine
automorphism groups of trees, P =
∏k
i=1 Aff Ti. Suppose that the action of Γ on
the product of trees
∏k
i=1 Ti is transitive. Then, Γ is generated by the compact
neighbourhood of the identity
J = {α ∈ Γ : |α|P ≤ 1} .
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Proof. By definition, J is contained in Γ. Since Γ is transitive, there is an element
σ(i) in Γ, for every natural number i less than or equal to k, such that
σ
(i)
j oj
{
(ojωj)1 if i = j,
oi otherwise.
Furthermore, each σ(i) is in J , because
|σ(i)|P =
k∑
i=1
|σ
(i)
j |Ti = 1.
Let α be an element of Γ. We will show that α is a product of elements in J . Let
β =
(
k∏
i=1
(
σ(i)
)−φi(α))
α.
For brevity, let
Ω =
(
k∏
i=1
(
σ(i)
)h(oi∧βioi))
,
which is a project of elements in J . Let j be a natural number less than or equal
to k. Then, βj is in HorTj , so it fixes oj ∧ βjoj . Therefore,
pij
(
ΩβΩ−1
)
is in Staboj (pij(Γ)). Notice that the set
{α ∈ Γ : αi ∈ Staboi(pii(Γ)) for all natural numbers i less than or equal to k}
is contained in J . It follows that
β = Ω−1ΩβΩ−1Ω
is a product of elements in J . Since
α =
(
k∏
i=1
(
σ(i)
)−φi(α))−1
β,
α is also a product of elements in J . 
Remark 2.2.8. Suppose Γ and µ are as in Theorem 2.2.5, and that Γ acts transitively
on
∏k
i=1 Ti. Choose an element γ in Γ for every x = {xi}
k
i=1 in
∏k
i=1 Ti, such that
γ(xi)oi = xi.
For each element u in B, let
Πn(u) = γn
(
x(n)
)
where x(n) =
{
x
(n)
i
}k
i=1
and
x(n)p = (oup)⌊nm1(µp)⌋ .
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Let p be a natural number less than or equal to k. Notice that if m1(µp) = 0, then
x
(n)
p = o for all natural numbers n. Hence, for almost all paths γ,
lim
n→∞
1
n
∣∣R−1n (γ)Πn(R∞(γ))∣∣P = limn→∞ 1n
k∑
i=1
d
(
pii(Rn(γ))oi,
((
oi (R∞(γ))i
)
⌊m1(µi)n⌋
))
= lim
n→∞
1
n
k∑
i=1
|m1 (µi) |
= 0.
Hence, since | · |P is subadditive, the less general criterion from Corollary 1.2.2 may
be used instead of Theorem 1.2.1 to conclude that (B, ν) is the Poisson boundary
in the transitive action case.
3. Random walks and gauges on V−− ⋊ 〈α〉
We will now discuss the tree representation theory of Baumgartner and Willis
[1] for totally disconnected, locally compact groups in the context of random walks.
For convenience of the reader, we refer sometimes to the results from the previous
sections, but because the action is on a single tree, the arguments of Cartwright,
Kaimanovich and Woess [3] are sufficiently general. We have used Horodam [9] in
writing the preliminary part of this section.
Suppose that G is a totally disconnected, locally compact group. Let α be an
automorphism of G. Let V be a compact open subgroup of G which is tidy for
α. Suppose that the order of α is infinite. Let V−, V−−, V+, V++, V0 and the scale
function s be as in the preliminary section.
Consider the semi-direct product V−− ⋊ 〈α〉. Identify V−− with the subgroup
V−−×{e} and V− with the subgroup V−×{e}. For each v in V−− and each integer
m, let (v,m) be the left coset vαm(V−) of V− in V−− ⋊ 〈α〉. Let T be the directed
graph whose vertices are the left cosets of V− in V−−⋊〈α〉 with an edge from (v,m)
to (w, n) if and only if n = m+ 1 and w is an element of vαm(V−).
Lemma 3.0.1. Every vertex of T has degree s(α−1) + 1, with one inward facing
edge at each vertex and s(α−1) outward facing edges at each vertex.
Proof. Suppose (v, n) is any vertex of the tree T . Let (w1,m2) and (w1,m2) be any
vertices such that there are edges from them to (w, n). Then, m := m1 = m2 =
n− 1, and v must be in the intersection of w1α
m(V−) and w2α
m(V−). As the left
cosets of V− in V−− ⋊ 〈α〉 must be equal or disjoint,
w1α
m(V−) = w2α
m(V−),
i.e. (w1,m1) and (w2,m2) are equal. Each vertex of T therefore has only one
inward facing edge.
For the outward facing edges, suppose that (w2, α
n2) and (w2, α
n2) are elements
of V−− which represent the same left coset of V−. Then, n := n2 = n2, and
(w2, n) = (w2, n), i.e. w
−1
2 w is in α
n(V−). Suppose that there is an edge from a
vertex (v,m) to (w2, n). Then, both w2 and w2 are in vα
n−1(V−), hence w
−1
2 w2
is in vαn−1(V−). Therefore, there are [α
n−1(V−) : α
n(V )] choices of (w, n) which
result in distinct edges. Since s(α) = [α(V+) : V+],
s(α−1) = [α−1(V−) : V−] = [α
m(V−) : α
m+1(V−)]
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each vertex has s(α−1) outward facing edges and every vertex of T has degree
s(α−1) + 1. 
The double path P = {(e, n)}n∈Z is infinite as the order of α is infinite. There-
fore, T is infinite. Let−ω be the end of T corresponding to infinite path {(e, n)}n∈N,
and let ω be the end corresponding to the infinite path {(e,−n)}n∈N. If (v,m) and
(w, n) are vertices of T , then the paths {(v,m+ k)}k∈N and {(w, n+ k)}k∈N both
eventually ascend to an element of the path P , which is connected, so T is con-
nected. There are no cycles in T because any cycle without backtracking must be a
directed path, but the power of α increases strictly along directed edges, and there
is only one edge directed into each vertex.
Because a vertex v is a parent of a vertex w if and only if v = (w − ω)1, there is
no loss of information regarding T as an undirected graph. We do so from now on.
Then, T is a homogeneous tree of degree s(α−1)+1. We treat V− as a distinguished
vertex, which we gave label o in previous sections.
Suppose that the scale of α is not one, so that the degree of each vertex in T
is at least 3. It is easy to verify that the left action of V−− ⋊ 〈α〉 is a bijection
on the vertex set of T , and it preserves adjacency of vertices. The element (e, 1)
in V−− ⋊ 〈α〉 acts by translation by one edge on P away from the distinguished
end ω towards −ω. Since every path descends from ω, it is fixed by the action of
V−− ⋊ 〈α〉. The action is transitive on the other ends.
As before, denote by Aut T the group of all automorphisms of T with the
compact-open topology, by Aff T the closed subgroup of automorphisms which
fix ω and by HorT the subgroup of elliptic elements. Let pi be map from V−−⋊ 〈α〉
to Aut T , which is the representation of the action of V−− ⋊ 〈α〉 on T . Then:
(i) pi is continuous,
(ii) the image of pi is a closed subgroup of Aff T .
(iii) the kernel of pi is the largest compact, normal, α-stable subgroup of V−− and
(iv) the image of V−− under pi is contained in HorT .
Let η = φ ◦ pi, so that if (v, n) is in V−− ⋊ 〈α〉, then η(v, n) = n. Let ρ
be the quotient map from V−− ⋊ 〈α〉 to V−− ⋊ 〈α〉/ kerpi. The representation of
V−− ⋊ 〈α〉/ kerpi in Aff T is faithful. Any closed subgroup of the quotient group
V−− ⋊ 〈α〉/ ker pi isomorphic to a closed subgroup of Aff T .
The group Aff T is amenable. The quotient V−−⋊〈α〉/ kerpi is amenable, because
it is isomorphic to a closed subgroup of Aff T . The kernel of the map pi is amenable
as it is compact, hence V−− ⋊ 〈α〉 is amenable.
According to Kaimanovich [13], if G is any locally compact group with an
amenable, closed, normal subgroup H and q is the quotient homomorphism from
G to G/H , then for any Borel probability measure µ′ on G/H , there is a Borel
probability measure µ on G, such that q∗µ = µ
′ and so that the Poisson boundaries
of (G,µ) and (G/H, µ′) are isomorphic.
In particular, if µ′ is any Borel probability measure µ′ on V−−⋊〈α〉/ kerpi. Then
there is a Borel probability measure µ on V−−⋊〈α〉, such that pi∗µ = µ
′ and so that
the Poisson boundaries of (V−−⋊ 〈α〉, µ) and (V−−⋊ 〈α〉/ kerpi, µ
′) are isomorphic.
We will now describe the Poisson boundary of (V−−⋊ 〈α〉, µ) for the case where
µ is an aperiodic, spread-out Borel probability measure on V−− ⋊ 〈α〉, such that
sgrµ is a closed subgroup of V−− ⋊ 〈α〉. We show that the Poisson boundaries of
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(V−− ⋊ 〈α〉, µ) and (V−− ⋊ 〈α〉/ kerpi, pi∗µ) are isomorphic in this case by adapting
arguments from the single tree case.
For each element (v, n) in V−− ⋊ 〈α〉, let
|(v, n)|V−−⋊〈α〉 = |pi(v, n)|T = d(V−, vα
n(V−)).
Lemma 3.0.2. The map | · |V−−⋊〈α〉 is a subadditive gauge function, and µ has
finite first moment with respect to | · |V−−⋊〈α〉 if and only if the pushforward measure
pi∗µ has finite first moment with respect to | · |T .
Proof. Let (v1, n1) and (v2, n2) be elements of V−− ⋊ 〈α〉. Then,
|(v1, n1)(v2, n2)|V−−⋊〈α〉 = d(V−, (v1, n1)(v2, n2) · V−)
= d((v1, n1)
−1 · V−, (v2, n2) · V−)
≤ d((v1, n1)
−1 · V−, V−) + d(V−, (v2, n2)V−)
= |(v1, n1)|V−−⋊〈α〉 + |(v2, n2)|V−−⋊〈α〉.
So | · |V−−⋊〈α〉 is a subadditive gauge function. Since | · |V−−⋊〈α〉 = |pi(·)|T ,∫
Aff T
|x| dpi∗µ(x) =
∫
Aff T
|x| dpi∗µ(x)
=
∫
V−−⋊〈α〉
|x|V−−⋊〈α〉 dµ(x)
which gives the second part of the lemma. 
Suppose that Γ is a closed subgroup of V−−⋊ 〈α〉. Then, ρ(Γ) is closed and pi(Γ)
is isomorphic to pi(Γ). Hence, pi(Γ) is closed. We say that Γ is non-exceptional if
it has non-exceptional image under pi. Since the action of Γ is transitive on ∂∗T ,
the closed subgroup Γ is non-exceptional provided that η(Γ) is isomorphic to an
infinite cyclic group.
We restate Theorem 1.3.8 and Theorem 1.3.9 in terms of V−− ⋊ 〈α〉 and η:
Theorem 3.0.3. Let Rm = (v
(m), r(m)) be the right random walk associated with
(V−−⋊ 〈α〉, µ). Suppose µ has finite first moment with respect to | · |V−−⋊〈α〉. Then,
lim
m→∞
d (RmV−, RmV−) = 0
almost surely, and
lim
n→∞
1
n
|Rm|V−−⋊〈α〉 = |m1 (η∗µ)|
almost surely and in L1.
Theorem 3.0.4. Let µ be a Borel probability measure such that the closure of the
semigroup generated by µ is a closed, non-exceptional subgroup Γ in V−−⋊ 〈α〉. Let
{Rm}
∞
m=1 be the right random walk associated with (V−− ⋊ 〈α〉, µ). Let V− be a
distinguished vertex of T , and let ω be the fixed end.
(i) If m1(η∗µ) is finite and the mean of η∗µ is negative, then RmV− converges
almost surely to ω.
(ii) If m1(µ), with respect to |(v, n)|V−−⋊〈α〉, is finite and the mean of η∗µ is
positive, then RmV− converges to a random end in ∂
∗T almost surely.
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(iii) If m1(µ), with respect to |(v, n)|V−−⋊〈α〉, is finite and the mean of η∗µ is zero,
and
E
(∣∣V− ∧R−1m V−∣∣ q|V−∧RmV−|)
is finite then RmV− converges to ω almost surely.
For the remainder, suppose that µ is a spread-out Borel probability measure on
V−−⋊ 〈α〉. Suppose µ has finite first moment with respect to | · |V−−⋊〈α〉. Suppose
that µ is non-exceptional.
Proposition 3.0.5. Let µ be a Borel probability measure such that the closure of
the semigroup generated by µ is a closed, non-exceptional subgroup Γ in V−−⋊ 〈α〉.
Suppose that µ is has finite first moment with respect to | · |V−−⋊〈α〉. Let Γ be the
image of V−− ⋊ 〈α〉 under pi. Let Rm be the right random walk associated with
(V−− ⋊ 〈α〉, µ). Let V− be a distinguished vertex of T , and let ω be the fixed end.
Let u be an element of B and let n be a natural number. Let
B(n)(u) =
{{
g ∈ V−− ⋊ 〈α〉 : d
((
V−u
)
⌊nm1(η∗µ)⌋
, gV−
)
≤ j
}}∞
j=1
.
for each natural number j. Then, {B(r)(u)}∞r=1 is a uniformly temperate sequence
of gauges on Γ, and
|g|B(n)(u) = d
((
V−u
)
⌊nm1(η∗µ)⌋
, gV−
)
is a gauge function on V−− ⋊ 〈α〉.
Proof. The argument is similar to Proposition 2.2.3. If g is in V−− ⋊ 〈α〉, then the
distance from gV− to any vertex is always finite. It follows that
V−− ⋊ 〈α〉 =
∞⋃
j=1
{
g ∈ V−− ⋊ 〈α〉 : d
((
V−u
)
⌊nm1(η∗µ)⌋
, gV−
)
≤ j
}
,
i.e. B(n)(u) eventually exhausts V−− ⋊ 〈α〉. 
Let R∞ be the map from (V−− ⋊ 〈α〉)
N to ∂T given by
R∞ (γ) =
{
ω if m1(η∗µ) ≤ 0,
limn→∞Rm(γ)V− otherwise.
Let ν = R∞∗µ be the hitting measure. Then ν is µ-stationary, because∫
V−−⋊〈α〉
∫
B
f(xb) dν(b) dµ(x) =
∫
V−−⋊〈α〉
∫
(V−−⋊〈α〉)N
f(xR∞(γ)) dP
µ(γ) dµ(x)
=
∫
(V−−⋊〈α〉)N
f(R∞(Tγ)) dP
µ(γ)
=
∫
(V−−⋊〈α〉)N
f(R∞(γ)) dP
µ(γ)
=
∫
B
f(b) dν(b)
where T is the left shift map and f is any function in C(B). The (G,µ) space (B, ν)
is a µ-boundary because R∞ is shift invariant in the sense of Kaimanovich [12] or
Brofferio and Schapira [2] Proposition 2.1. It follows that (∂T , ν) is a µ–boundary
of (V−− ⋊ 〈α〉, µ).
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Theorem 3.0.6. Let µ be a Borel probability measure such that the closure of the
semigroup generated by µ is a closed, non-exceptional subgroup Γ in V−− ⋊ 〈α〉.
Suppose that µ is aperiodic, spread-out and has finite first moment with respect to
| · |V−−⋊〈α〉. Then, (∂T, ν) is the Poisson boundary of (V−− ⋊ 〈α〉, µ).
Proof. The argument is similar to Theorem 2.2.5. Suppose that j is a natural
number less than or equal to k. Let u be in ∂T , let n be a natural number and let
the gauge from Proposition 3.0.5,
B(n)(u) =
{{
(v, r) ∈ V−− ⋊ 〈α〉 : d
((
V−u
)
⌊nm1(η∗µ)⌋
, (v, r)V−
)
≤ j
}}∞
j=1
.
Theorem 3.0.3 gives that
lim
m→∞
d
(
RmV−, (v
(m+1), RmV−
)
= 0
almost surely, and
lim
m→∞
1
m
|Rm|V−−⋊〈α〉 = |m1 (η∗µ)|
almost surely and in L1. In particular, the conditions of 1.3.3 are satisfied, that
is, RmV− is almost surely a regular sequence of vertices in T , with rate of escape
|m1 (η∗µ) |. Thus, for almost every path in the random walk, there is an end u in
∂T , such that
lim
n→∞
d
(
RmV−, (V−u(ψ))⌊m1(η∗µ⌋
)
= |m1(η∗µ)|.
If |m1(η∗µ)| 6= 0, then RmV− → u(ψ), so u is unique. By Theorem 1.3.9, u = ω
if m1(η∗µ) < 0 and u in ∂
∗Tp if m1(η∗µ) > 0. If |m1(η∗µ)| = 0, then uj(ψ) is
arbitrary and the statement is just that
lim
n→∞
d (RmV−, V−) = 0.
Hence, for almost all paths γ,
lim
n→∞
1
n
|Rm(γ)|B(n)(R∞(γ)) = limn→∞
1
n
d
(
RmV−,
(
V−R∞(γ)
)
⌊nm1(η∗µ)⌋
)
= 0.
By assumption, µ has finite first moment with respect to the subadditive gauge
associated with | · |V−−⋊〈α〉. Hence, by Kaimanovich’s ray criterion for topological
groups, Theorem 1.2.1, (∂T , ν) is the Poisson boundary. 
Corollary 3.0.7. Let µ be a Borel probability measure such that the closure of the
semigroup generated by µ is a closed, non-exceptional subgroup Γ in V−− ⋊ 〈α〉.
Suppose that µ is aperiodic, spread-out and has finite first moment with respect to
| · |V−−⋊〈α〉. Then,
m1(η∗µ) ≤ 0
if and only if the Poisson boundary of (V−− ⋊ 〈α〉, µ) is trivial.
Proof. The argument is the same as Proposition 2.2.4. If m1(η∗µ) ≤ 0, then it
follows from the definition of ν that the boundary is a single point. If m1(η∗µ) > 0,
then ν is not a point measure. 
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